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Abstract: We present a rigorous coupled-wave analysis of slow-light effects in active
photonic crystal waveguides. The presence of active material leads to coherent distributed
feedback effects that significantly alter the magnitude and phase of output fields.
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1. Introduction
Photonic crystal (PhC) structures have been proposed as a potential waveguide infrastructure for high-density photonic
integrated circuits (PICs). Optical amplification is one of the fundamental functionalities, required for compensating
attenuation and coupling losses and thus increasing the number of integrated devices. A major advantage in combining
PhC waveguides and active III-V semiconductors may be the possibility to drastically decrease the component length
via enhanced light-matter interaction enabled by slow light (SL) propagation [1]. In particular, ultra-compact amplifiers
enabled by SL propagation have been suggested [8,9]. One-dimensional coupled-wave analysis based on a perturbative
approach has been widely used to investigate the impact of SL effect (large group index) on optical properties of
passive PhC waveguides, e.g. efficient taper design [2], Kerr nonlinearity [3,4] or disorder-induced scattering [5,6]. For
perfectly periodic photonic crystal waveguides neglecting Kerr nonlinearity and disorder, a rigorous set of equations
for the amplitudes of forward and backward propagating Bloch waves can be derived [7]. In the passive case, these
equations are not coupled. However, the presence of active material leads to a coupling between the forward and
backward propagating Bloch waves, an effect that was not previously considered. We show here that such feedback
effects may have a very large impact on the properties of SL enhanced optical amplifiers. In particular, the feedback
effects lead to a limitation on the maximum gain that can be achieved as well as imposing interference effects even in
the case of perfect (zero-reflectivity) input facets.
2. Theory
In the weak perturbation limit, we approximate the exact solutions of Maxwell equations as superpositions of
monochromatic principal (i.e. TE-like) guided Bloch waves (obtained for the corresponding passive structure) with
corresponding forward/backward amplitude ψ±(z) along propagation direction z. For simplicity, we describe the
carrier-induced complex susceptibility perturbation, as a product of a complex constant χpert and an active mate-
rial distribution function F(r), which is homogeneously distributed within the high-index dielectric index material
over finite stacks of supercells. In contrast to the heuristically derived coupled mode equations based on plane wave
expansion [10, 11], we can formulate a set of coupled-mode equations based on Lorentz reciprocity theorem for PhC
waveguides:
∂zψ+(z) =
iω
c
ngzχpert
[
δ (z)ψ++κ∗(z)e−i2β zψ−
]
(1)
∂zψ−(z) =−
iω
c
ngzχpert
[
δ (z)ψ−+κ(z)ei2β zψ+
]
(2)
δ (z) ≡ a
∫
S
[
ε0F(r)|e|2
]
dS∫
V
[
ε0n2b(r)|e|
2 + µ0|h|2
]
dV
,κ(z)≡
a
∫
S [ε0F(r)e · e]dS∫
V
[
ε0n2b(r)|e|
2 + µ0|h|2
]
dV
(3)
Here, ngz is the group index along the waveguide direction z, c is the speed of light in vacuum, ε0, µ0 are the electric
and magnetic permittivities of free space, nb(r) is the background refractive index, a is the periodicity, S indicates
the transverse plane at position z and V is the volume of a supercell. [e, h] as normalized electric and magnetic
fields of guided Bloch waves at frequency ω and propagation constant β . δ (z) and κ(z) denote the propagation and
backscattering coefficient induced by the perturbation due to the active material. The harmonic term exp(±i2β z) arises
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Fig. 1: (a) Schematic diagram of distributed feedback effects along propagation direction induced by the presence of a gain mate-
rial.(b) Dispersion properties and calculated group index for defect mode in a 2D W1 PhC waveguide. (c) Parameter examples of
a fast light mode (dashed lines k = 0.3[2pi/a],ngz = 4.027) and a slow light mode (solid lines k = 0.445[2pi/a],ngz = 37.493). W1
PhC waveguide parameters: hexagonal lattice, air hole radius 0.26a, n2b = 11.19, computational step a/512.
from the phase matching condition between forward and backward Bloch waves. Constrained by Kramers-Kronig
relations, we define a simple imaginary refractive index perturbation ni (corresponding to the carrier-induced material
gain g0 =−2niω/c) for the active material. Hereby, the corresponding complex-valued susceptibility perturbation can
be described as: χpert = −n2i + i2nbni. If neglecting the backscattering and imposing averaging of coefficients within
a supercell, i.e., zero-order Fourier coefficient, δ (0) = 1
a
∫ a
0 δ (z)dz, Eq. (1-3) are equivalent to the equations previously
used for studying SL enhancement of gain/absorption [8, 9].
In Fig. 1(b), we show the dispersion properties and calculated group index for TE-like Bloch mode in a passive W1
PhC waveguide. When the wave number approaches 0.5 2pi
a
, both backscattered and forward propagating waves are
slow-light enhanced according to Eq. (1)&(2). Due to different loss mechanisms in practical slow light PhC waveguides
[12,13], we limit our discussions to slow light modes with group index up to around 40 (slow light enhancement factor
around 10). Fig. 1(c) shows the spatial variations of the coefficients δ (z) and κ(z) for two Bloch modes with different
group index. In comparison with the sinusoidally modulated index or gain in the classic coupled mode theory of DFB
lasers [10], here κ(z)exp(i2β z) and its complex conjugate can not be simply approximated as a constant coupling
coefficient.
As illustrated in Fig. 1(a), we consider the situation where a CW field is injected at the left facet: ψ+(0)= 1,ψ−(L)=
0, with the input power flux being normalized to 1. Because our simulations focus on the feedback effects within the
active structure rather than the reflection at passive/active interfaces, we enforce continuity boundary conditions. The
normalized transmitted T = |ψ+(L)|2 (or backscattered R = |ψ−(0)|2) power flux is equal to the device gain defined
for traveling-wave (or Reflective) SOAs. The phase of the corresponding outward field amplitudes also reveals the
effective optical path length, as altered by coherent feedback. Our approach also permits the inclusion of disorder-
induced losses [5, 6] and carrier dynamics, which are beyond the scope of this paper.
3. Numerical Simulations
In the upper plot of Fig. 2(a), for an active waveguide with length L = 100a, we show the transmitted and backscattered
power flux of an input CW light exciting a slow light mode (k = 0.445[2pi/a],ngz = 37.493) as a function of material
gain. The dashed line shows the ideal SL enhanced device gain/absorption with no distributed feedback [8, 9], the
slope of which is proportional to the group index T ≈ exp(2ngzδ (0)nbg0L). In the absorption regime, the increase of
the material absorption leads to an increase of backscattered power flux. But the weak backscattered power damped
by material loss has negligible feedback effects on the transmitted power. On the other hand, in the regime of positive
net gain, the gain material amplifies the light and increases the effective length for wave interaction. As the material
gain increases, the transmitted power reaches a maximum value and then steeply decreases. The origin of the drop
in device gain is seen to be the increase of the backscattered power. In the bottom plot of Fig. 2(a), the phase of
the corresponding outward fields are illustrated. The dashed line shows that the phase variation of the transmitted
field with no feedback effects, which is determined by ≈ −ω
c
ngzn
2
i δ (0)L, are negligible. However, by including the
distributed feedback effects, the increase of material gain/absorption also contributes to the significant change of phase
via amplitude/phase coupling determined by κ(z)exp(i2β z).
Fig. 2(b) shows an example snapshot of the spatial distribution of the amplitude and phase of forward ψ+(z) and
backward ψ−(z) propagating fields, which do not vary monotonically with z. In comparison, the dashed lines indicate
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Fig. 2: (a) Normalized power flux and phase of transmitted and backscattered field amplitudes as a function of material gain
g0 for a slow light mode. (b) Example of forward and backward field amplitude variations with impact of distributed feedback
g0 = 10−3[2pi/a]. Dashed lines correspond to results neglecting distributed feedback. Length of the active region is L = 100a,
k=0.445×[2pi/a], ngz = 37.493.
SL enhanced (traveling wave) amplification and phase change without the inclusion of distributed feedback effects,
corresponding to the common exponential variation along the propagation direction which the field being proportional
to exp(i ω
c
ngzχpertδ (0)z). For the given material gain, the forward field close to the input end (z=0) becomes weaker
than the backward fields |ψ+(z)| < |ψ−(z)|. The onset of large phase variations of the forward field ∠ψ+(z) close to
the input end indicates a strong coherent coupling between the forward and backward fields. The distance ∆z ≈ 9a
between adjacent magnitude minima of forward field close to the input end z=0 (or backward fields at the output end
z=L) roughly satisfies the phase matching condition ( 2pi
a
− 2k)∆z = 2pi .
Conclusions
We present a Bloch-mode based coupled-wave model for active PhC waveguides. Our results show that the presence
of material gain (an imaginary refractive index perturbation) leads to distributed feedback effects additional to the slow
light enhancement of modal gain. These effects severely limit the maximum gain that can be obtained. In addition,
when particular phase matching and coupling strength conditions are satisfied, the distributed feedback effects lead to
non-negligible coherent interactions in-between counter-propagating Bloch waves.
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